Note on the construction of the Ewald shell
The second harmonic (SH) waves, the fundamental wave (FW) and its scattered waves interact in the nonlinear photonic crystal (NPC). We decided not to preclude any possibility of the output direction of the SH and the scattered direction of FW until theoretically and experimentally proven otherwise. Thus, the set of the output SH can be presented as a vector ball with all possible k 2 included ( Fig. S1(a) ). So can be the set of scattered FW with all possible k 1 ' (Fig. S1(c) ). In order to maintain a simple illustration, usually we use the envelop sphere of the vector balls to represent them, where Fig. S1 (b) is related to the k 2 ball, and Fig. S1(d) is related to the k 1 ' ball. Here, to construct the basic scheme of Ewald shell, we redraw the scattered wave vector k 1 ' ball by reversing all the k 1 ' vectors' directions ( Fig. S1(e) ), then we set it on the k 2 envelop sphere with an explicitly drawn-out k 2 (Fig. S1(f) ), and the k 1 ' ball centre is at the tip of that specific k 2 . And we draw out the FW k 1 . Obviously, any Reciprocal lattice vector (RLV) G with its tail on the tip of k 1 and its tip on the sphere of k 1 ' could fulfil the vector equation 1 Now if we want to acquire the complete set of RLVs relating to all the possible output k 2 , the only thing we have to do is move the k 1 ' ball throughout the k 2 sphere surface ( Fig. S1(g) ). Then it becomes clear that the suitable RLVs are in the shell between the two spheres, which are with diameter of 21 | -| kk and 21 || kk  , 
Deduction of Eq. (1)
Eq.
(1) is a rough criterion to decide the maximal detectable SH envelope arcs. Each index m of RLVs G m,n is related to one of the horizontal SH envelope arcs. Thus, if we could decide the maximal value of index m for any possible G m,n participating the scattering, we could get the maximal number of the output SH envelopes. And in all G m,n of the same index m, G m,0 is the easiest one to analyse, as it's in the highest symmetrical position. And the conical beam related to G m,0 has the smallest output angle with a perpendicularly incident FW, which means if G m,0 related SH conical beam is not detectable, neither does other G m,n related SH conical beams with the same index m.
So, now we present a symmetrical y-cut of the Ewald shell (Fig. S2) , which includes k 1 and the z-axis (also the optic axis) in this plane. The critical angle If we draw a circular arc with its circular centre at the tip of the k 2 and a diameter of k 1 , the scattered FW k 1 ' related to this k 2 can be determined by the intersection of the arc and the x-axis (in the direction of k 1 ) of the reciprocal space. We immediately acquire a vector triangle enclosed by k 2 , k 1 +G max and k 1 '. With certain trigonometry and simplification, one can reach Eq. (1).
FIG. S2:
A y-cut of the Ewald shell. k 1 is along the x-axis, which is parallel to the G m, 0 and thus G max . Between k 2 and k 1 there is the critical angle
The dotted red arc, whose intersection with the x-axis and the tip of k 1 defines the G max , is actually part of the k 1 ' sphere.
4
Deduction of Eq. (2) & (3)
Eq. (2) is a geometrical connection of the related vectors. Here we demonstrate the deduction of the Eq. (2) with an annihilation process. The counterpart of the creation process can be obtained similarly.
When studying the rotational dynamics of the conical beams, one may notice that the FW would rotates a smaller angle k  when the sample rotates an angle of  , while the reciprocal space rotates an equal angle of  during the process. And the angle  between RLV G m,n and FW wave vector k 1 at the critical configuration of G m,n is a fixed value (Fig. S3) . At the critical configuration, the tip of the G m,n is on the inner sphere of the Ewald shell, i.e. the |k 2 -k 1 | sphere. Then the scattered FW wave vector k 1 ' must be in the direction normal to the |k 2 -k 1 | sphere. So the value of  is determined by Eq. (3). The directions of the vectors vary during the rotation process to reach the annihilation critical position. We now use a last index to inform the position of a vector, before or after the rotation. k 1,1 is the wave vector of the FW before the rotation, and k 1,2 after. G m,n,1 and G m,n,2 are the RLVs with the similar implication (Fig.  S4) . We assume that after the rotation, the G m,n,2 and k 1,2 are in their critical configuration. From Fig. S4 , one can conclude that
Critical configuration of the conical beam related to the RLV G m,n.
The rotation of the relative vectors during an annihilation process.
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Experimental setup
Here we provide the scheme of our experimental setup in Fig. S5 . We hope it's helpful to our readers. Each column of the black dots along the y-axis is a series of G m,n reciprocal lattice point. We explicitly point out a few, namely m=0,1,2,3,4 series of G m,n . A pair of additional lines is drawn from the centre of the Ewald shell onto the k 2 arc. These two lines indicate the direction of the SH critical angle in the xy-plane. Only a small portion of RLVs related to these points in the shell will take effect and their related conical beams be detected. The less deviation the RLV is from the k 1 , the easier its conical beam could be detected.
Real-time Ewald shell example
